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ABSTRACT

Extrapolation remains a grand challenge in deep neural networks across all application domains. We
propose an operator learning method to solve time-dependent partial differential equations (PDEs)
continuously and with extrapolation in time without any temporal discretization. The proposed
method, named Diffusion-inspired Temporal Transformer Operator (DiTTO), is inspired by latent
diffusion models and their conditioning mechanism, which we use to incorporate the temporal
evolution of the PDE, in combination with elements from the transformer architecture to improve
its capabilities. Upon training, DiTTO can make inferences in real time. We demonstrate its
extrapolation capability on a climate problem by estimating the temperature around the globe for
several years, and also in modeling hypersonic flows around a double-cone. We propose different
training strategies involving temporal-bundling and sub-sampling and demonstrate performance
improvements for several benchmarks, performing extrapolation for long time intervals as well as

zero-shot super-resolution in time.
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1 Introduction

The field of scientific machine learning (SciML) has been
growing rapidly in recent years, and many successful meth-
ods for modeling scientific problems using machine learn-
ing (ML) methods have been proposed [36, 28| 24} 27, 152].
Many tools designed for standard ML and data science
problems can also perform well on SciML tasks. Recent
innovations in the field of ML primarily originate from the
domains of natural language processing [14] and computer
vision [20]. Our work exploits and further develops the
main idea of a recently proposed method called diffusion
models [[15]] (used in generative Al) for solving forward
partial differential equations (PDEs).

Solving time-dependent PDEs is an essential topic for
the scientific community. If the underlying mathemati-
cal operators that govern the temporal evolution of the
system are non-linear and/or there are observational data
available, the task of assimilating and simulating such
processes using discretization-based numerical methods
can become increasingly challenging and computation-
ally expensive. The burden associated with the traditional
numerical solvers is further increased when separate sim-
ulation runs become mandatory for every new initial con-
dition. Moreover, in certain application domains, such as
autonomy and navigation or robotics, real-time inference is

International Conference on Scientific Computing and Machine Learning 2024 (SCML2024)



Diffusion-inspired Temporal Transformer Operator (DiTTO)

required. SciML methods such as neural operators specif-
ically address these issues by significantly reducing the
associated computational costs [28, 24} 48] [3]].

Several methods for solving PDE-related problems using
ML methods, and specifically transformers, have been pro-
posed [36l 28} 32]]. We solve the forward problem of a
time-dependent PDE by training the neural operator to ac-
curately estimate the state field variable at a later time from
a given initial condition. The main focus of this work is
forecasting a continuous in-time solution in real-time for a
plurality of initial conditions and extrapolating beyond the
training domain. Solving PDE-related problems involves
several challenges including generalizations for different
problem conditions and dependence on the physical do-
main’s discretization. To tackle the first, we utilize tools
from the growing field of operator learning [24} 28]], where
we use learning techniques to map a function space to an-
other one. Thus, we learn a family of solutions of PDEs
corresponding to a family of initial conditions. For the
second challenge, we propose a method that, while being
dependent on the spatial discretization, is continuous in the
temporal evolution of the solution, which is a prominent
challenge in solving dynamical systems.

Recent works [35] 47] have demonstrated the efficiency of
U-Net-based architectures for modeling time-dependent
PDEs. However, the outputs of these U-Net-based archi-
tectures are discrete in time. Gupta et al. [[7] performed
a systematic ablation study to analyze the significance of
Fourier layers, attention mechanism, and parameter con-
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ditioning in a U-Net-based neural operator. The DiTTO
method proposed here is a diffusion-inspired model [45]].
The common use of diffusion models involves a genera-
tive process used to create data samples. It incorporates
a Markov chain of diffusion steps, where in each stage
a different texture is added to the data sample. Usually,
the texture is noise, so new noise distributions are incre-
mentally added in each step. The models have also been
used with other kinds of textures, for example creating car-
toonish images from plain ones. Herein, we use a similar
framework, but instead of conditioning on the noise distri-
bution, we do so for the temporal evolution. We explore
several implementations and training strategies, in addi-
tion to the diffusion models themselves. These enhanced
methods form the class of explored DiTTO models. Im-
portantly, we demonstrate how this framework can be used
for extrapolation, i.e., it can make accurate predictions for
samples outside the time interval it was trained to handle.

2 Methodology

We approximate the time evolution of a PDE solution (for-
ward process). Instead of incrementally adding noise to
the inputs, as done with diffusion models, we incremen-
tally evolve the PDE solution over time. We replace the
noise level parameter " with the temporal variable t (see
Appendix for more details). Then, we use the
conditioning capabilities of diffusion models to learn the
relations between the initial condition, the PDE solution,
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Figure 1: DiTTO architecture. The discretized initial condition u(x; 0) concatenated with the corresponding spatial
grid, and the desired time t € R™ are the respective inputs to the U-Net and the time-embedding network comprising
DiTTO. The U-Net illustrated here consists of ResNet blocks with temporal conditioning, a Spatial-Attention block,
and Channel-Attention blocks at 4 levels of coarseness and the corresponding residual connections across the same
levels. The ResNet block conditions the non-linear representations of u(x; 0) with respect to the temporal embedding

vector, F(t), by performing element-wise multiplication across the channels. Spatial-Attention and Channel-Attention
blocks learn to extract correlations across space and channels, respectively.
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and the time domain. After the training is complete, the
model can interpolate between the initial and final time,
creating a numerical solution that is continuous in time.
We define its time evolution {X¢]} as the following process:

{xt| t € [0; trinal]; Xt := U(x; D)} (D

where U is the solution of the differential equation we at-
tempt to solve. Using this notation, the operator learning
problem becomes:

Xo — X¢; Vt € [0; trinall; (2)

Xt &~ G(X0)(1); Vt € [0; trinail; 3)
where G represents the surrogate operator, DiTTO, where
the operator learning technique we employ is the diffusion
process. It is discrete, while @]) is continuous. We dis-
cretize {X¢} by taking a partitioning {tn }_ of [0; tfinail,
where 0 = tg < t1 < .. < tt 1 < tt = tfipal-
The discrete process is then defined as {Xn}}—o, where
Xn = U(x;ty). In PDE terms, given an initial condition
Xp, we approximate the analytic solution at a set of specific
future time steps {t,}}—;. In operator learning terms, we
map a family of functions of the form Xo = u(x;0) to
another family of functions of the form u(x; t).

The role of the neural network in diffusion models is to
perform conditional denoising in each step. We repurpose
this network structure to solve a PDE-related problem.

tion, there is no noise in this process. Therefore, there is
no need for denoising. Thus, we replace the conditional
denoising operation with a conditional temporal evolution
(XO; tn) — Xn.

Next, we describe the DiTTO architecture. The network re-
ceives two main inputs: the initial condition Xo = u(x; 0)
and a time t = t,,. Recall that Xg is a d-dimensional tensor,
and t is a nonnegative scalar. For the temporal input t, we
use an embedding mechanism based on the original Trans-
former positional encoding [49]. Each scalar t is mapped
into a vector of size demp, and then passed through a sim-
ple multi-layer perceptron (MLP) with two linear layers
and a GELU [13]] activation function.

For the spatial input Xg, we concatenate it with a discrete
spatial grid and provide it as an input to a U-Net [38]]. We
use a U-Net variant common in many diffusion models,
such as DDPM [15]]. It follows the backbone of Pixel-
CNN++ [40]], a U-Net based on a Wide ResNet [53] [12].
A sketch of the spatio-temporal architecture is given in

Figure[T]

This architecture is not limited to a specific dimension. The
same mechanism can be implemented for d-dimensional
problems. The only major difference is the usage of d-
dimensional convolutions for the relevant problem.

We extend DiTTO to develop three variants: DiTTO-s,
DiTTO-point and DiTTO-gate. DiTTO-point is a memory-
efficient version, and DiTTO-gate incorporates a gated
sub-architecture motivated by Runge-Kutta methods. We
also demonstrate the efficacy of two training strategies - 1)

randomly sub-sampling the trajectory timesteps considered
at each epoch (DiTTO-s), and 2) adopting the temporal-
bundling [2]] for enhancing the forecast capabilities. These
extensions are further explained in the Appendix[A.2]

3 Experiments and Results

We have tested the proposed DiTTO approach on vari-
ous PDEs. Full details regarding these experiments are
given in the appendix. Here, we present partial results for
the hypersonics and climate cases in Figure 2} We com-
pare DiTTO to another operator learning framework called
Fourier neural operator (FNO) [24] when applicable.

3.1 Hypersonic Flow

We train DiTTO to learn the inviscid airflow around a
double-cone object flying at a high Mach number. The flow
physics at hypersonic Mach numbers around the double-
cone geometry features complex transient events, station-
ary bow shock at the leading nose of the cone, and the
interaction of the oblique shock wave originating from
the leading edge with the bow shock formed around the
upper part of the geometry of the cone. The shock layer
is the narrow band between the wall of the double-cone
geometry and the bow shock wave. In the shock layer, due
to the interaction of shock waves, a triple point forms and
generates vortical flow structures that move downstream.
This interaction is challenging to capture using numeri-
cal solvers. The details regarding data creation and the
governing equations are given in the Appendix [B]

We now present two experiments conducted for this hy-
personic problem. First, we learn the temporal evolution
of the density field near the double cone. Specifically, we
train the neural operator to learn the mapping from the
incoming horizontal velocity field to the time-dependent
density field around the double cone structure. The dataset
comprises only 61 trajectories corresponding to Mach num-
bers M € [8;10]. It is split into training, validation, and
testing datasets in the ratio 80:10:10. We use a cosine
annealing type learning rate scheduler starting from 10 2
that decays to 0 during the training. We compare FNO, U-
Net, DiTTO and DiTTO-s. Complete results are reported
in the appendix. We observe in Figure [ZA] that DITTO can
accurately resolve the vortices close to the surface of the
double cone.

Additionally, we perform an experiment where instead
of conditioning on time as in most of the examples pre-
sented, we explore the ability to condition DiTTO on a
different quantity: the Mach Number. We train the surro-
gate operator to learn the mapping from the density field
at a specific time step and M = 8 to the density field at
the same timestep but at different Mach numbers in the
range M € [8; 10]. We compare DiTTO with other neural
operators. Our results suggest that DiTTO serves as an
accurate surrogate conditioned on any scalar parameter
and not necessarily time.
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